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a b s t r a c t
Weestablish asymptotics for Christoffel functions ofMüntz systems at the endpoints x = 0
and x = 1 of [0, 1], assuming that there exists a ρ > 0, such that the Müntz exponents
{λk} satisfy
lim
k→∞
λk
k
= ρ.
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1. Introduction and notation
The celebrated Müntz theorem asserts that for a sequence {λk}k∈N of distinct positive numbers with infk λk > 0, the
elements of the form
n∑
k=0
ckxλk , (1)
are dense in Lp[0, 1] if and only if
∞∑
k=1
1
λk
= ∞.
Assuming that the constant functions are included (i.e. λ0 = 0), the same result holds under the supremum norm in C[0, 1].
The elements (1) are calledMüntz polynomials, and a system of the form (xλ0 , xλ1 , . . .), is called aMüntz system. Wewrite
Mn(Λ) := span{xλ0 , xλ1 , . . . , xλn},
and
M(Λ) :=
⋃
n∈N
Mn(Λ) = span{xλ0 , xλ1 . . .},
to denote theMüntz spaces.
These generalized polynomials can be orthogonalized and they form a Chebyshev system on [0,∞). They have been
recently investigated in [1,2], and have been applied to several problems in approximation theory. A Müntz type of
Gauss–Jacobi quadrature has been developed in [3] and the zero distribution of the extremal Müntz polynomials has been
investigated in [4].
In this paper, we compare the behavior of Christoffel functions of different Müntz systems, for which the respective
exponent sequences are asymptotic. Alongwith the knownasymptotics for the ordinary polynomials,weuse this to establish
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the asymptotic behavior of the Christoffel functions for Müntz systems, for which the exponents are asymptotic to an
arithmetic progression, i.e. such that
lim
k→∞
λk
k
= ρ,
for some ρ > 0. We utilize the fact that the Christoffel functions can be written in terms of the orthogonal Müntz
polynomials, which take on a simple form at the endpoints x = 0 and x = 1. Our main results are Theorems 4.1 and
4.2 below.
Throughout the paper, we will use the notation f (x) ∼ g(x) as x → ∞ to represent the asymptotic relation
limx→∞ f (x)/g(x) = 1.
1.1. Müntz–Legendre polynomials
ThemthMüntz–Legendre polynomial ofM(Λ) is defined to be the element
Lm(x) := Lm(Λ; x) = 12pi i
∫
Γ
m−1∏
k=0
t + λk + 1
t − λk
xtdt
t − λm , (2)
where the simple contour Γ surrounds all the zeros of the denominator in the integrand. These elements satisfy the
orthogonality conditions (see [2])∫ 1
0
Ln(x)Lm(x)dx = δn,m2λn + 1 , n ≥ m,
so the elements
L∗m :=
√
2λm + 1Lm (3)
are orthonormal in L2[0, 1]. In the case when
λk > −1/2 for all k and λk 6= λj for all j 6= k, (4)
they are elements of the Müntz space and we have the representation
Lm(Λ; x) =
m∑
k=0
ck,mxλk , ck,m =
m−1∏
j=0
(λk + λj + 1)
m∏
j=0
j6=k
(λk − λj)
. (5)
We shall assume condition (4) throughout the paper and hence always have the representation in (5).
1.2. Christoffel functions
Christoffel functions have been shown to be important tools in the theory of orthogonal polynomials and approximation
theory. They have been applied to problems involving moments, quadrature formulas, interpolation theory, zeros of
polynomials and polynomial inequalities [5,6]. Here we will extend the definition from ordinary polynomials to Müntz
polynomials.
The classical nth Christoffel function associated with anm-distribution dµ(x) = w(x)dx is
λn(w; z) = inf
P∈Pn−1
∫
R P
2(t)w(t)dt
|P(z)|2 , z ∈ C,
where Pn−1 is the space of polynomials with real coefficients of degree at most n. Naturally, we can extend this definition,
by taking more general function spaces. Here we are interested in examining the nth Christoffel function associated with
the Müntz spaceMn(Λ) over the uniform weight dµ(x) = dx, namely
λ(Mn(Λ); z) := λ(Mn(Λ), dx; z) := inf
Q∈Mn(Λ)
∫
Q 2(t)dt
|Q (z)|2 , z ∈ C.
The Müntz–Christoffel functions have been used by Borwein and Erdelyi in establishing Markov–Bernstein inequalities,
and related features of approximation theory [1].
It is easy to see, by a standard application of the Cauchy–Schwarz inequality, that we have
λ(Mn(Λ); z) = 1n∑
m=0
∣∣L∗m(z)∣∣2 , z ∈ C, (6)
where the L∗m’s are the orthonormal Müntz polynomials in (3).
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2. Lemmas
2.1. Asymptotics in polynomial spaces with Jacobi weights
Recall that on the interval [−1, 1], the classical Jacobi weights are defined as
w(α,β)(x) := (1− x)α(1+ x)β , x ∈ [−1, 1],
for given real numbers α, β . In order to use these weights with the Müntz systems, we need to shift them to the interval
[0, 1], where the Müntz polynomials are well defined. Using the mapping [−1, 1] 3 x 7→ x+12 ∈ [0, 1] we obtain Jacobi
weights on [0, 1] as
u(α,β)(x) := (1− x)αxβ , x ∈ [0, 1]. (7)
Note that u(α,β)(x) = w(α,β)(2x− 1)/2α+β , for all x ∈ [0, 1].
Lemma 2.1. Under the Jacobiweights u(α,β) on [0, 1], the Christoffel functions over the algebraic polynomials satisfy the following
asymptotic behavior at the endpoints,
lim
n→∞ n
2α+2λn(u(α,β), 1) = (α + 1)Γ (α + 1)2, (8)
lim
n→∞ n
2β+2λn(u(α,β), 0) = (β + 1)Γ (β + 1)2. (9)
Proof. It is well known that the Christoffel functions over the algebraic polynomials with respect to the Jacobi weights
satisfy the following asymptotic behavior at the endpoints [7];
lim
n→∞ n
2α+2λn(w(α,β), 1) = (α + 1)2α+β+1Γ (α + 1)2,
lim
n→∞ n
2β+2λn(w(α,β),−1) = (β + 1)2α+β+1Γ (β + 1)2.
Then using the substitution t = 2x− 1 and letting Qn(t) = Pn((t + 1)/2), we obtain
λn(u(α,β), c) = inf
Pn(c)=1
∫ 1
0
P2n (x)u
(α,β)(x)dx
= inf
Pn(c)=1
∫ 1
−1
P2n
(
t + 1
2
)
w(α,β)(t)
2α+β
dt
2
= 1
2α+β+1
inf
Qn(2c−1)=1
∫ 1
−1
Q 2n (t)w
(α,β)(t)dt
= 1
2α+β+1
λn(w
(α,β), 2c − 1),
and it follows that λn(w, 1) = 2α+β+1λn(u, 1) and λn(w,−1) = 2α+β+1λn(u, 0). 
It turns out that the Müntz–Legendre polynomials are always 1 at x = 1 [2]:
Lemma 2.2. For the Müntz–Legendre polynomials defined in (2) we have Lm(1) = 1, for all m.
Now let λ0, λ1, λ2, . . . and µ0, µ1, µ2, . . . be sequences of real numbers with Λn = {λk}nk=0 and Πn = {µk}nk=0, and
define the correspondingMüntz systemsM(Λn) andM(Πn) on [0, 1]. Here, we wish to compare the Christoffel functions of
the two spaces at the endpoints x = 0 and x = 1. First, for the right endpoint we have, according to Eq. (6) and Lemma 2.2,
1
λ(Mn(Λ); 1) −
1
λ(Mn(Π); 1) =
n∑
k=0
[(2λk + 1)− (2µk + 1)] = 2
n∑
k=0
(λk − µk),
or equivalently,
λ(Mn(Π); 1)
λ(Mn(Λ); 1) = 1+ 2λ(Mn(Π); 1)
n∑
k=0
(λk − µk). (10)
A simple consequence of this identity is the following lemma on monotonicity.
Lemma 2.3. Let Λn := {λ0, λ1, λ2 . . . , λn} and Πn := {µ0, µ1, µ2 . . . , µn} be sequences of positive real numbers such that
λk ≤ µk for all k = 0, 1, . . . , n, with strict inequality for at least one index. Then
λ(M(Λn); 1) > λ(M(Πn); 1).
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As for the other endpoint, x = 0, we assume that λ0 = µ0 = 0, so the Müntz–Legendre polynomials take the values
Lm(Λ; 0) = cΛ0,m and Lm(Π; 0) = cΠ0,m, where cΛ0,m and cΠ0,m are the coefficients from (5), for the respective systems. Then
|cΠ0,m|
|cΛ0,m|
=
1
µm
m−1∏
j=1
µj+1
µj
1
λm
m−1∏
j=1
λj+1
λj
= λm
µm
m−1∏
j=1
(
1+ 1
µj
)
(
1+ 1
λj
) .
and, since λ(Mn(Λ);0)
λ(Mn(Π);0) =
∑n
m=0(2µm+1)|cΠ0,m|2∑n
m=0(2λm+1)|cΛ0,m|2
, the following monotonicity lemma follows directly:
Lemma 2.4. Let Λn := {λ0, λ1, λ2 . . . , λn} and Πn := {µ0, µ1, µ2 . . . , µn} be sequences of positive real numbers such that
λ0 = µ0 = 0, and λk ≤ µk for all k = 0, 1, . . . , n, with strict inequality for at least one index. Then
λ(M(Λn); 0) < λ(M(Πn); 0).
3. A comparison theorem
Here, we wish to compare the Christoffel functions for two different Müntz systems, at the endpoints of [0, 1].
Theorem 3.1. Consider two sequencesΛ = {λk} andΠ = {µk} of distinct non-negative real numbers such that λk, µk −→∞
and
lim
k→∞
λk
µk
= 1.
For each n, let Mn(Λ) := span{xλ0 , xλ1 , . . . , xλn} and Mn(Π) := span{xµ0 , xµ1 , . . . , xµn} be the corresponding Müntz spaces
on [0, 1]. Then,
(i)
lim
n→∞
λ(Mn(Λ); 1)
λ(Mn(Π); 1) = 1.
(ii) and if λ0 = µ0 = 0, and the limit
α := lim
n→∞
n∏
k=1
λk
µk
µk + 1
λk + 1 (11)
exists and is finite, then
lim
n→∞
λ(Mn(Λ); 0)
λ(Mn(Π); 0) = α
2.
Proof. (i) At the endpoint x = 1, it follows from Eq. (10) that∣∣∣∣λ(Mn(Π); 1)λ(Mn(Λ); 1) − 1
∣∣∣∣ ≤ 2λ(Mn(Π); 1) n∑
k=0
|λk − µk|.
Since λk/µk −→ 1 and µk −→∞, we have
n∑
k=0
|λk − µk| =
n∑
k=0
µk
∣∣∣∣ λkµk − 1
∣∣∣∣ = o
{
n∑
k=0
(2µk + 1)
}
,
and the result follows from λ(Mn(Π); 1)−1 =∑nk=0(2µk + 1).
(ii) Now, we turn our attention to the endpoint x = 0. For each l ∈ N define the number
αl =
l∏
j=1
λj(µj + 1)
µj(λj + 1) .
Then, since we assume here that λ0 = µ0 = 0, we have
|cΠ0,m|
|cΛ0,m|
=
1
µm
m−1∏
j=1
µj+1
µj
1
λm
m−1∏
j=1
λj+1
λj
= λm
µm
αm−1.
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Therefore, we can write
1
λ(Mn(Π); 0) =
n∑
m=0
(2µm + 1)|cΠ0,m|2
=
n∑
m=0
(2µm + 1) λ
2
m
µ2m
|cΛ0,m|2α2m−1
=
n∑
m=0
λm
µm
(
2λm + λm
µm
)
|cΛ0,m|2α2m−1.
Then, since λk/µk −→ 1, αk −→ α and λk −→∞ as k −→∞, it follows that
λ(Mn(Π); 0)−1 ∼
n∑
m=0
(2λm + 1)|cΛ0,m|2α2 = α2λ(Mn(Λ); 0)−1,
as n −→∞, and we are done. 
Remark. The condition in (11) can be replaced by requiring convergence of the series
∞∑
k=1
∣∣∣∣ 1λk − 1µk
∣∣∣∣ .
We see this by noticing that
n∏
k=1
λk
µk
µk + 1
λk + 1 =
n∏
k=1
(
1+ λk − µk
µk(λk + 1)
)
≤
n∏
k=1
(
1+
∣∣∣∣λk − µkµkλk
∣∣∣∣) ,
and recalling that
∏
(1+ ak) and∑ ak converge simultaneously for ak ≥ 0.
4. Asymptotic behavior of the Müntz–Christoffel function at the endpoints
4.1. Müntz systems with {µk} = {kρ}
Here we consider the simple case when the powers of the Müntz basis elements satisfy an arithmetic progression, that
is we assume that there exists a positive number ρ such that
µk = kρ, for all k ≥ 0.
LetMn,ρ be the span of (1, xρ, . . . , xnρ), and note that for each element S(x) =∑nk=0 ckxkρ we can write
S(x) = P(xρ),
where P(x) = ∑nk=0 ckxk is a polynomial of degree n. Then, using the change of variables u = tρ , the Christoffel function
over the Lebesgue measure on [0, 1] can be written as
λ(Mn,ρ; x) = inf
S∈Mn,ρ
∫ 1
0 S
2(t)dt
|S(x)|2 = infP∈Pn
∫ 1
0 P
2(tρ)dt
|P(xρ)|2
= 1
ρ
inf
P∈Pn
∫ 1
0 P
2(u)u
1
ρ−1du
|P(xρ)|2
= 1
ρ
· λ(Pn, u(0,1/ρ−1); xρ),
where u(0,1/ρ−1) is the Jacobi weight u(0,1/ρ−1)(x) = u 1ρ−1 on [0, 1] with α = 0 and β = 1
ρ
− 1 in (7). Then, using (8), we
obtain
lim
n→∞ n
2λ(Mn,ρ; 1) = 1
ρ
· Γ (1)2 = 1
ρ
, (12)
and since β + 1 = 1/ρ, Eq. (9) yields
lim
n→∞ n
2/ρλ(Mn,ρ; 0) = 1
ρ
· 1
ρ
Γ (1/ρ)2 =
(
Γ (1/ρ)
ρ
)2
. (13)
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4.2. Müntz systems with {µk} asymptotic to {kρ}
From the comparison theorem in Section 3, the following theorems are direct consequences of (12) and (13).
Theorem 4.1. Let Π = {µk} be a sequence of real numbers such that
lim
k→∞
µk
k
= ρ,
for some constant ρ > 0. If we let Mn(Π) := span{xµ0 , xµ1 , . . . , xµn} for each n, then
lim
n→∞ n
2λ(Mn(Π); 1) = 1
ρ
.
Theorem 4.2. Let Π = {µk} be a sequence of distinct real numbers such that
lim
k→∞
µk
k
= ρ,
for some constant ρ > 0, and such that the limit
α := lim
n→∞
n∏
k=1
µk
kρ
kρ + 1
µk + 1
exists and is finite. If we let Mn(Π) := span{xµ0 , xµ1 , . . . , xµn} for each n, then
lim
n→∞ n
2/ρλ(Mn(Π); 0) = α
2Γ (1/ρ)2
ρ2
.
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